Introduction
An important class of functions from the point of view of signal representation and approximation is the class with n th order rational Laplace transforms. These functions arise naturally in such fields as model identification and timedomain synthesis. The problem of finding the best n th order rational function to represent a given time function is, therefore, important; unfortunately it is beset with difficulties. If a truncated orthonormal expansion is used, the pole locations must be predetermined by some a priori means, and the order is determined by the number of orthonormal functions used (1, 2) . Fourier series techniques involve compounded approximations and do not afford a clear picture of the errors involved (3, 4) . Sampled-data techniques involve aliasing problems which also make errors difficult to evaluate (5) (6) (7) (8) (9) (10) . None of these methods clearly shows how close the result is to the best (in some prescribed sense) n th order rational function.
In this paper an approach is presented which uses the generating function for the Laguerre coefficients of an arbitrary time function. This generating function is shown to be proper and rational with n poles if and only if the time function has a Laplace transform which is proper and rational with n poles. The problem of signal representation and approximation is transformed, therefore, into one of finding good rational generating functions for a discrete series of coefficients--which is, in many ways, a more tractable problem than the original.
This approach is advantageous in that the poles are not preassigned and that an arbitrarily large number of Laguerre coefficients can be used to find a low order transform. Because of the norm-preserving character of the transformation introduced, the error analysis is especially clear. Three types of errors contribute to the overall representation or approximation error:
1) The errors in measuring or calculating the Laguerre coefficients of a signal or impulse response; 2) The error caused by using only a finite number of these coefficients;
3) The error in fitting the rational generating function to the given coefficients.
These errors, all more or less under the control of the user, can often be easily estimated. The root-integral-square-error of the final result is bounded by the sum of these three root-integral-square-errors. A method based on regression techniques is presented for fitting a generating function to the Laguerre coefficients. This method is not optimal but is easy to use and has proven dependable and practical in many situations. An example of an application to lumped delay-line synthesis is discussed.
Representation of Functions with n th Order Rational Transforms
A particularly important set of complete orthonormal functions on (0, oo) are the Laguerre functions, discussed by Wiener (11), (1) are the Laguerre coefficients of f(t) and comprise its Laguerre spectrum. We define the Laguerre transform of f(t) as the generating function of its Laguerre spectrum as follows:
A = f(t)X.(t)dt
where fn is given by Eq. 1, is termed the Laguerre transform of f(t). When z = exp(j~), this function exists as a limit-in-the-mean and is in L~(0, 2~).
The following is a simple relationship between F(s) = F (jw), the Fourier transform off(t), and F(z).
Theorem I:
where the integration is carried out around the unit circle. Letting zin this, gives (l+s~
which is the Laplace transform of h~ (t). Hence, by Parseval's theorem, V2 F(1 +s)
It also follows from Parseval's relation that
Theorem I gives a simple method for computing the Laguerre spectrum of a function with a rational Laplace transform. For example, consider so that 
Proof: Let F(s) E R~ (s). Then
The converse follows similarly. The last remark of the theorem follows from the fact that the bilinear transformation maps the left-half plane ~o the unit disc. The zero of F(s) at infinity maps into z = -1, but in virtue of the factor V2z/(z + 1) no zero of F(z) necessarily occurs at z = -1.
The Approximation Problem
The approximation problem, discussed in the introduction, is formulated
P(8) = z[/(t)J E R~(s).
and the integral-square-error
is small. Using the representation of the previous section, we restate the problem as follows : Given { f. } ~ such that find a sequence {].}~ such that Assume throughout that n ~ h r. It is now necessary to find two polynomials
Ifnl 2 < ~,

~(z) = ~: ]nz -n ~ R.(~-I).
and such that 
2-~-~j D(z---)-z = ,-o
Then F (z) N (z) -D(z) is
N (z) = Yo --}-YlZ -I q-"'" -4-y,~-iz -('~-1),
which cancels the first n terms of Eq. 
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Differentiating Eq. 8 with respect to B~ and setting the result equal to zero yields the following set of linear equations for the B j:
j~l k~n k~n
Solving for the/~, involves the inversion of this n X n matrix equation. After thus finding D (z), there results from Eq. 7
Using Eq. 2 the approximant becomes
l+SD I-s]
We have gone from an original f(t) to a set of observed Laguerre coefficients f*~, to a rational generating function for these f*~, to a rational function of s. 
by two applications of the triangle inequality. The first term in Eq. 11 represents the measurement or calculation noise of the Laguerre coefficients; the second term represents the truncation error caused by using only a finite number of Laguerre coefficients; and the last term represents the fitting error. By the completeness of the Laguerre functions on (0, oo ) the truncation error can be made arbitrarily small by choosing N sufficiently large; this can be done without changing n, the order of the approximation. The fitting error can be computed from the given data, and the measurement or calculation error is usually known approximately. Thus an upper bound on the integral-squareerror can be estimated in a typical identification or synthesis problem.
Example of Application to Time Domain Synthesis
To illustrate the method described, the rational transform approximation of the delayed impulse
f(t) = ~(t --6.3)
Approximation via the Laguerre Spectrum Step response of eighth-order delay network.
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Summary
A method for the determination of an n tla order rational transform for a time function, given at least n + 1 of its Laguerre coefficients, has been presented with, as an illustration of the method, an application to a problem of lumped delay-line synthesis.
The method is advantageous in that: The poles are not predetermined, permitting 2n degrees of freedom ; the errors are under the control of the user ; as many Laguerre coefficients as are available can be used, without increasing the complexity of the model; and the main computational effort involves only the inversion of an n X n matrix, easily done even for large n on an automatic digital computer.
By using convolution techniques to measure the Laguerre coefficients of an unknown plant impulse response, the method can be used for tracking plant transfer functions in control applications.
